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Filtering vs Smoothing

Filtering (e.g., Kalman Filter) Smoothing (e.g., Graph SLAM)
P Processes data sequentially. P Optimizes all states jointly.
» Maintains only current state (z,,, P,.). P Retains the full trajectory.
P Marginalizes out all past states. P Relinearizes at each solver iteration.
@ Constant memory and time per step. @ Loop closures improve all poses.
© Past states cannot be revised. @ Better accuracy for nonlinear models.
© Linearization errors are permanent. © Cost grows with trajectory (mitigated

by sparsity).
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Filtering vs Smoothing

Filtering (e.g., Kalman Filter)

P Processes data sequentially.

» Maintains only current state (7, P,.).
P Marginalizes out all past states.

@ Constant memory and time per step.
© Past states cannot be revised.

© Linearization errors are permanent.
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1D State Estimation: Problem Setup

Consider a robot moving along a line. At each time step k:
P The robot applies a control input u,, (e.g., move 1m forward).
P It receives a noisy position measurement z,, from a sensor.

Motion model (how the state evolves):
L = Tpq +uk+wk7 Wy, ~ N(Ovo-qzu)
Observation model (what the sensor measures):

2 = Tg T Vg, v, ~ N(0,07)

Goal: Estimate the true position x, at each time step, given all controls v, and
measurements z, ;.
Two fundamentally different approaches:

1. Filtering (Kalman filter): process measurements one at a time.

2. Smoothing (Graph optimization): optimize all states jointly.
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The Markov Assumption

The Markov assumption states that the current state depends only on the immediately
preceding state and the current input:

p(xk | Lo:k—15 A1:k—1> U1:k> — p(xkz | L 15 Uk)

This leads to a chain-structured probabilistic model:

e

P Circles: hidden states z;, (to be estimated).
P Rectangles: observed measurements z,, (known).
» Arrows: causal dependencies (motion model, observation model).
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Kalman Filter in 1D

1D Kalman Filter: Prediction Step
e X o
® Prediction step yields the a prion estimate 2 ~

® The predict step propagates the state and its uncertainty forward using the motion model.

Given: Previous estimate z,_, with variance P,_,, control input u,,.
Predicted state (prior):

jk = j}k—l + ’U,k

+(/‘1‘.

Predicted variance (grows): 4

D 2
Iy =Py 1 0y,
o ] N(Zy_q, Poy)
Prediction always increases | |
uncertainty due to motion noise o2 Mg er= e ynge ki)
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1D Kalman Filter: Update Step

® The update step fuses the prediction with the new measurement <

Kalman gain (how much to trust the measurement):

_ 5
_pk+0121

K,

Updated state (posterior):
Ty = T + Ky (2, — Ty)

Updated variance (uncertainty shrinks):

P,=(1-K)PF,

Observation (or likelihood)

A priori

&
ol

JS

130 cm?

K, — 1 (trust measurement)

K, — 0 (trust prediction)

» Large o2 (noisy sensor).
» Small P, (confident prediction).

» Small o2 (precise sensor).
» Large P, (uncertain prediction).

’fk%zk. ’ik%’ik’
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» Kalman Filter Update = Weighted Average (MAP)

The update equation is exactly the MAP estimate from Topic 1:

Posterior N (z, P;,)

A

Prediction V| P.) Measurement N (z,,, o2

The posterior is a weighted average, weighted by precision (inverse variance):

p—1 —2 T
A P X +0,7 2, Wpred Tk Wimeas %k
k — H—1 - —
Pk T 0',U2 Wored T Wmeas

|dentical to Example B (height estimation with prior). The posterior is always narrower

than either input.



Kalman Filter for Multivariable Systems

1D
Kalman gain (how much to trust the measurement):
P
Kk — = e
Byt o2

Updated state (posterior):
Ty = T + Ky (2, — Ty)

Updated variance (uncertainty shrinks):

P =(1-K,)B
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Multivariable

K= (Z1+%)!

» é\:update = o1 + K($2 — 331)

Eupdate =2 — Kzl



Kalman Filter for Multivariable Systems (conta)

® Prediction B Variable B nput

i’kz — Amk—l + B’u,k B Constant (but modeling is required)
B Constant (but tuning is required)

Y= AYp 1 AT+ Q
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Kalman Filter for Multivariable Systems (conta)

® Prediction B Variable B nput

i’kz — Amk—l + B’u,k B Constant (but modeling is required)
B Constant (but tuning is required)

Y= AYp 1 AT+ Q

® Update: Let z = H a and its corresponding covariance is I

K=HY,H (HY,H" + R)™* K =3(3 + ;)7
A — — aA:up ate = L1 K(xy — x
Hz,=Hz, + K(z — Hx) EupjatezzltK(zl )

HY HT — HY, HT - KHY, HT
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Kalman Filter for Multivariable Systems

Kalman Filter for Multivariable Systems (conta)

Kalman Filter Algorithm

m Measurement Update (Estimation)

/ _ _ _ 1 Time Update (Projection)

K =>.HT (HEkHT + R) e 1|k, P;?l” H (Hj:;ﬂ” H’ +R)_l

A~ _ / _ F?|H' -1 n-1n—-1 . )

.’L’k — .’L‘k _|_ K (Z - H.’L‘) “ P - FP _I_ Q xnln F?|}i' -1 +K ( Hxnlﬂ—l)
mln—1 n—1jn— 1

S N / N : ' m? = - K H njn

Sp = S — K'HS, i s

Initial estimates X, w
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Conclusion

A ORORA lab ,
Open Robotics and Resilient Al ,I



Conclusion (cont'd)

Conclusion

® In real-world, we use Extended Kalman Filter (EKF) or Invariant Extended Kalman Filter (IEKF)
® Don't implement from scratch (i.e., DO NOT reinvent the wheel)

m |everage well-established libraries

class Ekf : public FilterBase
{
public:
/¥%
* @brief Constructor for the Ekf class
*/
Ekf();

/ ¥k

* @brief Destructor for the Ekf class
*/
~Ekf();

/%%

* @rief Carries out the correct step in the predict/update cycle.

*

* @param[in] measurement - The measurement to fuse with our estimate
*/

void correct(const Measurement & measurement) override;

/ ¥k

@brief Carries out the predict step in the predict/update cycle.

Projects the state and error matrices forward using a model of the

*
*
*
* vehicle's motion.
*
* @param[in] reference_time - The time at which the prediction is being made
* @param[in] delta - The time step over which to predict.
*/
void predict(
const rclcpp::Time & reference_time,
const rclcpp::Duration & delta) override;

| H

https://github.com/cra-ros-pkg/robot_localization
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class InEKF {

public:

EIGEN_MAKE_ALIGNED_OPERATOR_NEW

InEKF();

InEKF(NoiseParams params);

InEKF(RobotState state);

InEKF(RobotState state, NoiseParams params);

RobotState getState();
NoiseParams getNoiseParams();
mapIntVector3d getPriorLandmarks();

std::
std::

std:
void
void
void
void

void
void
void
void

map<int,int> getEstimatedLandmarks();
map<int,bool> getContacts();

:map<int, int> getEstimatedContactPositions();

setState(RobotState state);

setNoiseParams(NoiseParams params);
setPriorLandmarks(const mapIntVector3d& prior_landmarks);
setContacts(std::vector<std::pair<int,bool> > contacts);

Propagate(const Eigen::Matrix<double,6,1>& m, double dt);
Correct(const Observation& obs);

CorrectLandmarks(const vectorLandmarks& measured_landmarks);
CorrectKinematics(const vectorKinematics& measured_kinematics);

https://github.com/RossHartley/invariant-ekf
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